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Abstract 

We consider here pseudo-differential operators whose symbol (t(x, is not infinitely 
smooth with respect to x. Decomposing such symbols into four -sometimes five- 
components and using tools of paradifferential calculus, we derive sharp estimates on 
the action of such pseudo-differential operators on Sobolev spaces and give explicit 
expressions for their operator norm in terms of the symbol a{x,(,). We also study 
commutator estimates involving such operators, and generalize or improve the so- 
called Kato-Ponce and Calderon-Coifman-Meyer estimates in various ways. 
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1 Introduction 



1.1 General setting and description of the results 



Among the widely known properties of pseudo-differential operators with sym- 
bol in Hormander's class S^q, two are discussed in this paper. The first one 
concerns their action on Sobolev spaces, and the second one deals with the 
properties of commutators. 
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It is a classical result that for all G S'^J, the operator Op((T^) maps 
H^+^i{R<i) into H'{W^) for all s e M. Moreover, the proof shows that 



yu e H'+'^'{R'^), \Op{a^)u\H^ < C{a^)\u\Hs+m,. (1.1) 



Concerning the study of commutators, Taylor (following works of Moser [16] 
and Kato- Ponce [10]) proved in [17] that for all e 5*^0) with mi > 0, and 
all e H°°{W^), one has for all s > 0, 

\[Op{a^),a'^]u\jj, < C(cr^)(|cr^|vyi,cx>|M|j^s+mi-i + |cr^|^i.+mi \u\^); (1.2) 



another well-known commutator estimate is the so-called Calderon-Coifman- 
Meyer estimate: if nii > then for all s > and to > d/2 such that s + rui < 
tQ + 1, one has (sec Prop. 4.2 of [20] for instance): 

\[Op{a^),a'^]u\fj, < C{a'^)\a'^\Hto+i\u\H'>+mi-i. (1.3) 



A drawback of (1.1), (1.2) and (1.3) is that the dependence of the constant 

C_{(J^) on (T^ is not specified. This may cause these estimates to be inoperative 
in the study of some nonlinear PDE; indeed, when solving such an equation 
by an iterative scheme, one is led to study the pseudo-differential operator 
corresponding to the linearized equations around some reference state. Gen- 
erally, the symbol of this operator can be written a{x,^) — E(v(x),^), where 
S(f , ^) is smooth with respect to v and of order m with respect to ^, while f (■) 
belongs to some Sobolev space H''^(M.'^). For instance, in the study of nonlinear 
water waves, one is led to study the operator associated to the symbol (see 

[11]) 

a(x, := ^(TTfv^W^Iv^, (1.4) 



which is of the form described above, with E(v, ^) = ^(1 + |f p)|Cp — {v ■ 0^ 
and v{-) — Va. Such symbols <j{x,^) are not infinitely smooth with respect 
to X, since their regularity is limited by the regularity of the function v. One 
must therefore be able to handle symbols of limited smoothness to deal with 
such situations; moreover, one must be able to say which norms of v{-) are 
involved in the constant C_{(J^) of (1.1), (1.2) and (1.3). 

But even knowing precisely the way the constants C(cr^) depend on a^, the 
estimates (1.1) and (1.2) may not be precise enough in some situations. Indeed, 

when one has to use, say, a Nash-Moser iterative scheme, tame estimates 
are needed. For instance, in such situations, the product estimate Iwf < 
(s > d/2) is inappropriate and must be replaced by Moser's tame 
product estimate Imi'Ij/s < |M|oo|'y|i/= + |M|i/=|t'|oo (-s > 0). Obviously, (1.1) 
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is not precise enough to contain this latter estimate. Part of this paper is 
therefore devoted to the derivation of sharper versions of (1.1). 

In the works deahng with pseudo-differential operators with nonregular sym- 
bols, the focus is generally on the continuity of such operators on Sobolev or 
Zygmund spaces (see for instance [17,18]) and not on the derivation of precise 
(and tame) estimates. In [7], E. Grenier gave some description of the constants 
£7(a^) in (1.1)-(1.2) but his results, though sufficient for his purposes, are far 
from optimal. In this article, we aim at proving more precise versions of (1.1), 
(1.2) and (1.3), and we also give some extensions of these results. Let us de- 
scribe roughly some of them: 

Action of pseudo-differential operators on Sobolev spaces (see Corol- 
lary 30). Take a symbol a e S^q of the form a{x,^) = T,{v{x),^), with S as 
described above and v e H°°. Then Moser's tame product estimate can be 
generahzed to pseudo-differential operators of order m > 0: for all s > 0, 

\Op{a)u\H^ < C{\v\^){\v\H'<+m\u\^ + luln^+m). 

Another estimate which does not assume any restriction on the order m and 
also holds for negative values of s is the following: for alHo > one has 

y -to < s <to, \Op{a)u\H' < C{\v\oo)\v\Hto\u\H-+m, 

yto < S, \Op{a)u\H' < C{\v\oo){\v\H^\u\Hm+to + \u\Hs+m). 

Commutator estimates. In this paper, we give a precise description of the 
constant C{a^) which appears in (1.2) and (1.3), and generahze these estimates 
in three directions: 

• We control the symbolic expansion of the commutator in terms of the 
Poisson brackets. For instance, in the particular case when the symbol 
a^{x,^) — (7^(0 does not depend on x, we derive the following estimate 
(see Th. 5): if mi e IR and n eN are such that mi > n, then for all s > 0, 
one has 

<C(cr^) (^|V"'"^V^|oo|^^|i^''+ml-n-l + |cr^|j^s+mi |m|oo^ , 

and a precise description of C((t^) is given; if cr^(-) is regular at the origin, 
we have a more precise version involving only derivatives of a^, 

[0p(ai),a>-0p({a\a2}>|^^ 

^C'[a^) (^\'V^^^a'^\(y^\u\ffs+mi-n-l + I V"''''^(J^|^s+mi-n-l|ti|oo^ . 

For a similar generahzation of (1.3), see Th. 6. 
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• We allow o"^ to be a pseudo-differential operator and not only a function 
(Ths. 3, 4, 6, 7 and 8, and Corollaries 39 and 43); 

• We give an alternative to (1.2) allowing the cases mi < and s < (Ths. 
3 and 7 and Corollaries 39 and 43) ; similarly, we show that negative values 
of s and mi are possible in (1.3) (see Ths. 6 and 8). For instance, if 

is a Fourier multiplier of order mi G M and cr^ is of order m2 G M with 
a2(a;,0 = ^'^(vix),^) and v e if°°(M"')P then for all s e R such that 
max{— to, —to — mi} < s (with to > d/2 arbitrary), 

\[a\D), a\x, D)]u - Opi{a\ a%)u\Hs 

^ C((7 , If I ^^n+l,oo) ( 11^1^3+7711+1712— n—l "I" | f | ^^(a+mi A?i)_|_ | | "ii+m2+to— "»! ^") ■ 

The above results admit generalization to L^-based Sobolev spaces and Besov 
spaces, but we deliberately chose to work with classical L^-based Sobolev 
spaces to ease the readability. We refer the reader interested by this kind of 
generalizations to [21,22], [12] and [17,18] for instance. 

The methods used to prove the above results rely heavily on Bony's paradif- 
ferential calculus [3] as well as on the works of Coifman and Meyer [14,15]. 
In Section 2, we introduce the class of symbols adapted to our study; they 
consist in all the symbols cr{x,^) such that cr{-,$,) belongs to some Sobolev 
space for all ^. These symbols are decomposed into four components, one of 
them being the well-known paradifferential symbol associated to a, and some 
basic properties are given. 

In Section 3, we study the action on Sobolev (and Zygmund) spaces of the four 
components into which each symbol is decomposed, and give precise estimate 
on the operator norm. These results generalize classical results of paraproduct 
theory and are in the spirit of [12] and especially [21] (but the estimate we 
give here are different from the ones given in this latter reference). Gathering 
the estimates obtained on each component, we obtain a tame estimate on the 
action of the operator associated to the full symbol a{x, ^). 
Section 4 is devoted to the study of commutator estimates. We first give in 
Prop. 31 precise estimates for Meyer's well-known result on the symbolic cal- 
culus for paradifferential operators. In Section 4.1, we address the case of 
commutators between a Fourier multiplier cr^(D) and a pseudo-differential 
operator a'^{x,D); we study some particular cases, including the case when 
(7^(x, ^) = a'^{x) is a function. The case when a^{x, D) is a pseudo-differential 
operator (and not only a Fourier multiplier) is then addressed in Section 4.2. 

Throughout this paper, we use the following notations. 
Notations, i. For all a, 6 G M, we write a Ab := max{a, b}; 

ii. For all a G M, we write a+ := max{a, 0}, while [a] denotes the biggest 
integer smaller than a; 

iii. If / G F and g E G, F and G being two Banach spaces, the notation 



4 



I/I-F ^ Ifi'lc means that \f\F < C\g\G for some constant C which does not 
depend on / nor g. 

iv. Here, »S(M'^) denotes the Schwartz space of rapidly decaying functions, and 
for any distribution / e (S'(R'^), we write respectively / and / its Fourier and 
inverse Fourier transform. 

V. We use the classical notation f{D) to denote the Fourier multipher, namely, 

mu(.)^f(.)u(.). 

1.2 Brief reminder of Littlewood-Paley theory 

We recall in this section basic facts in Littlewood-Paley theory. 

Throughout this article, ip e C^{W'') denotes a smooth bump function such 
that 

V^(0 = 1 if |e|<l/2 and ^(0=0 if \^\ > I, (1.5) 

and we define cp e C^(M'^) as 

(^(0 = V(e/2)-V(0, veeR^ (1.6) 

so that ip is supported in the annulus 1/2 < |,^| < 2, and one has 

l = V'(0 + E<^(2~^0, y^eR". (1.7) 

p>0 

For all p G Z, we introduce the functions (pp, supported in 2^~^ < |^| < 2^+^, 
and defined as 

(^^ = if p<-l, ^ if p>0. (1.8) 

This allows us to give the classical definition of Zygmund spaces: 

Definition 1 Let r e M. Then Cl{R'^) is the set of all u e 5'(M<^) such that 

\u\ci := sup 2P''\ipp{D)u\oo < oo. 
p>-i 

Remark 2 We recall the continuous emheddings H^{W^) C Cl '^'^'^(W^), for 
all seR, and L~(M'^) C Cl{W^). 
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We now introduce admissible cut-off functions, which play an important role 
in paradifferential theory ([3,14] and Appendix B of [13]). 

Definition 3 A smooth function xiv^ defined on W'' x R*^ is an admissible 
cut-off function if and only if: 

• There are 5i and 62 such that < 5i < ^2 < 1 o,nd 

V|e|>l/2, x(^,0 = l for \v\<Si\^\, 
V|e|>l/2, x(^,0 = for \v\>SM 

• For all a,j3& N*^, there is a constant Ca,i3 such that 

^{V,0 e K'', lei > 1/2, \d^d^x{v,0\ < (1-9) 
Example 1 A useful admissible cut-off function is given, for all N >2, by 

x{v,0= E i'i2-^^''v)M0; (1-10) 
p>-i 



One can check that it satisfies indeed the conditions of Definition 3 with 61 — 
2-^-2 5^ _ 2^-^. 

An important property satisfied by admissible cut-off functions is that xi'^O 
and its derivatives with respect to ^ enjoy good estimates in L^-norm. The 
next lemma is a simple consequence of the estimates imposed in Definition 3; 
we refer for instance to Appendix B of [13] for a proof. 

Lemma 4 Let xiv^O ^^l admissible cut-off function. Then for all /3 e N*^, 
there exists a constant Cf^ such that 



Finally, we end this section with the classical characterization of Sobolev 
spaces (see for instance Th. 2.2.1 of [5] or Lemma 9.4 of [18]). 

Lemma 5 Let (Mp)p>-i be a sequence ofS^W^) such that for all p > 0, Up is 
supported in A2p~^ < \^\ < B2^^^ , for some A,B > and such that u^i is 
compactly supported. 

If, for some s e ^ 2^^^|Mp|2 < 00, then 
p>-i 

Up=:ue H'{R'^) and \u\]j. < Cst ^ 2^^"\up\l. 
p>-i p>-i 



6 



Conversely, ifuE i?*(R'^) then 



2^P'\^p{D)u\l < Cst 

p>-i 



2 Symbols 



As said in the introduction, we are led to consider nonregular symbols cr{x,^) 
such that 

a{x,0 = ^v{x),0, (2.1) 



where v e C°(M'^)^ for some p e N, while E is a smooth function belonging to 
the class C°°(Rp,M'^) defined below. 

Definition 6 Let p E N, m E M. and let be a function defined over x R^. 
We say that S e C°°(W>,M"') if 

• GC-(R^;L-({|e|<l})); 

• For all a e W, P G N*^, there exists a nondecreasing function Ca,i3{-) such 
that 

sup <CaM). 

Example 2 One can write the symbol ^{x,^) given in (1-4) under the form 



a{x,^) = E(Va,0, with = -^/ll + - (v ■ 0^- One can check 

that^e C°°{R'^,M^). 

Remark 7 i. We do not assume in this article that the symbols are smooth 
at the origin with respect to ^ (for instance, (1.4) has singular derivatives at 
the origin). This is the reason why the estimate in Definition 6 is taken over 
frequencies away from the origin, namely \$\ > 1/4. 

ii. Whenp = 0, then C^iW^Ai^) coincides with the class M."^ of symbols of 
Fourier multipliers of order m. 

Let us remark now that if (t{x, ^) is as in (2.1), then one can write 

(7(x,o-Kx,0-s(o,0] + s(o,e); 

the interest of such a decomposition is that the second term is a simple Fourier 
multipher while the first one is in H'{R'^) \i v e H^{W^)p, s > d/2: 

Lemma 8 Let p e N, m e R, sq > d/2 and take v e H''°{R'^)p and S G 
C°°{RP,M'^); set also a{x,^) := S(v(a;),0- 
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Defining t{x,^) = a{x,^) - S(0,0; one has t(-,0 e H'^iW^) for all ^ e W^; 
moreover: 

. One has r,^,^^,^,^^^ G L~({|e| < 1}; //^°(M'^)); 
• For all P eN'^ andO<s< sq, 

sup (o'^'-'-l^fTl.Ol^. < c;^(kiL^|)kk^, 

where C'g p{-) is some nondecreasing function depending only on the Ca,i3{-), 
< ["S] + 2, introduced in Definition 6. 

Proof. 

This is a simple consequence of Moser's inequality (see e.g. Prop. 3.9 of [18]) 
and the properties of S set forth in Definition 6. 



The previous lemma motivates the introduction of the following class of sym- 
bols (see also [21,12] for similar symbol classes). 

Definition 9 Let m e M and sq > d/2. A symbol ^{x,^) belongs to the class 
if and only if 

• For all (3 e one has 



sup 

eeMd,|^|>l/4 



< OO. 



We now set some terminology concerning the regularity of the symbols at the 
origin. 

Definition 10 We say that S G C°°{W,M'^) is /c-regular at the origin if 
^Ux(iei.i>eC^°°(MP;l^^'-({|e|<l})). 



Similarly, we say that a e is /c-regular at the origin if a\ 



Notation 1 It is quite natural to introduce the seminorms -/V^^(-) and MJPi{-) 
defined for all k,l & N, s & M. and m e R as 



TV- (a) := sup sup 

l/3|<fc|S|>l/4 



(2.2) 



and 



sup sup {^y 

l/3|<fe|«|>l/4 



,0 



(2.3) 
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To get information on the low frequencies, we also define 



sup 

'l<fe,l?l<l 



dla{;i) andmu{a):^ sup |afa(-,0|oo-(2.4) 



Note that MJI^i{a) andmk{cr) still make sense when a is the symbol of a Fourier 
multiplier (i.e. ifa{x, ^) — a{^) ). When I — 0, we simply write M'^{a) instead 
ofM^^,{a). 

Finally, the notation N^^^iy^^a), I G stands for sup ^^^^i NJ^g(d^ a); 
the same convention for the other seminorms defined above. 



we use 



Associated to the class is the subclass of paradifferential symbols (in 
the sense of [3,14], see also [15] and Appendix B of [13]). In the definition 
below, the notation Sp is used to denote the spectrum of a function, that is, 
the support of its Fourier transform. 

Definition 11 Let m e M and Sq > d/2. A symbol cr{x,^) belongs to the class 
if and only if 

• One has a e F^, 

• There exists S e (0, 1) such that 



Sp a{;Oc{veR'',\v\<sm- 



(2.5) 



Remark 12 If 4^ e C, 

implies that for all a e E^, one has 



is as in (1.5), then the spectral condition (2.5) 



(2.6) 



It is classical (Bernstein's lemma) to deduce that for all a, j3 & N'^, one has 
Ve e lei > 1/4, d:dla{;0 < Cst M|:^,(a)(0'"-l^l+l"l (2.7) 



where M^^{-) is defined in (2.3). 

It is well known that symbols of F^ can be smoothed into paradifferential 
symbols of E^. In order to give a precise description of the difference between 
these two symbols (and of the operator associated to it), we split every a e F^ 
into four components: 

(^{x, = (yif{x, + (7/(x, + + (^r{x, 0, (2.8) 



with, for some A?" e N, A/" > 4, 
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Y: ^^^{2-^^''D^)a{■,0{^-m)<Pp{0: 



(2.9) 
(2.10) 



p>-i 



(2.11) 



p>-i 



<T«(-,0 



(2.12) 



p>-l |p-g|<iV 



where ip G C^(M'^) is a bump function satisfying (1.5). 

We also need sometimes a further decomposition of as — (Tr^i + a 11^2-1 
with 



a^,i(-,0:=(l-^(i^x))(XR(-,0 and aR,2(-, - V'Px)^-, 0; (2-13) 



Remark 13 i. The fact that the sum of the four terms given in (2.9)-(2.12) 
equals cr(a;, ^) follows directly from (1.7). 

ii. When (t{x,^) — cr(x) does not depend on ^, one has Op((T//)ii = aip{D)u, 
Op{ai)u = T„u, Op((T//)?i = T~a and Op{(Tfi)u = R{a,u), with u := {1 — 
ip{D))u and where Tf denotes the usual paraproduct operator associated to f 
and Rif, g) = fg- Tjg - TJ (see [3,14,5]). 

iii. In [21], Yamazaki used a similar decomposition of symbols into three com- 
ponents. We need a fourth one here, namely aif, in order to take into account 
symbols which are not infinitely smooth with respect to ^ at the origin. A fifth 
component is also introduced in (2.13); it is used in the proof of the second 
parts of Ths. 3-6. 

In the next proposition, we check that ui belongs to the class of paradifferential 
symbols E^. 

Proposition 14 Let m e M, sq > d/2, and let cr e F^. 

Then, the symbol aj defined in (2.10) belongs to and, for all k & N and 

s < So, 



Proof. 

One can write cr/(-,{) = (1 — ip{i))x{'jC) * c(")0' where xiv^O denotes the 
admissible cut-off function constructed in (1.10). The spectral property (2.5) 



note that crfl_2 is given by the finite sum 



p<N+l \p-q\<N 



N^s{<^i) < Cst N^,{a) and M^{ai) < Cst Mjr{a). 
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is thus obviously satisfied by o"/ and the resuh follows therefore from sim- 
ple convolution estimates, together with the bounds on the L^-norm on the 
derivatives d^xi'^O given in Lemma 4. 



Together with the decomposition given in (2.8), we shall also need another 
kind of decomposition, namely, Coifman and Meyer's decomposition into ele- 
mentary symbols. The proof of the next proposition is a quite close adaptation 
of the proof of Prop. II. 5 of [6]; it is given in Appendix A. 

Proposition 15 LetmeR and sq > d/2, and let a e P^. With i/j e C^{R'^) 
as given by (1-5), one has 

k&<i (1 + 

with pk{x,^) ^ Cfe,g(x)Afe(2~^^), and where: 

q>-l 

i. The coefficients Ck,q{-) are in H'^'^iM.'^) and for all s < sq, one has 

Mrs < Cst A^27|]+2^,((7); 

moreover, for all p > —1, one has \'^p{D)ck^g\Ho < Cst N^d-^_^^ ^{o'^p)), where 
the symbol cr(p) is defined as <J{p){-,0 = V^p(-Da:)cr(-, {)• 

ii. For all k e Z'^, the functions Afc(-) are smooth and supported in 2/5 < 
1^1 < 12/5. Moreover, \k is bounded from above uniformly in k & 1,^ . 



3 Operators 

To any symbol (t(x, ^) e C^{R^ x R'^\{0}), one can associate an operator 
a{x^ D) = Op (a) acting on functions whose Fourier transform is smooth and 
compactly supported in M'^\{0}: 

Va; e Op{a)u{x) = (27r)-'^ J e"-«a(a;, OHOd^ 

The aim of this section is to study Op{a) when a G P™. In order to do so, we 
study successively Op(a;/), Op(a/), Op{aii) and Op((Jr), where aif, ai, an 
and aji are the four components of the decomposition (2.8). 
The operator Op((T;/) is handled as follows: 

Proposition 16 Let m G M and So > d/2, and let cr G P™. 

i. The operator Op{aif) extends as an operator mapping any Sobolev space 
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into H^{W''), for all s < sq. Moreover, 

yteR, Vs<So, yueH'iR"), \Op{aif)u\^^<no,s{(r)\u\Ht, 
where no,s(cr) is defined in (2.4)- 

ii. If a is 2[|] + 2-regular at the origin, the following estimates also hold, for 
all s < So, 

\Op{aif)u\Hs < ri2[|]+2,s(^)l«lcO ^ ^2[|]+2,s(^)l«loo- 

Proof. 

By definition, one has 

Since \x i-^ e''''V(x, < Cst Ok"; ^as 

|0p((7,^)«|^. < Cst no,.(a) J (O^MiM- 

l?l<i 

One can tiien obtain the first estimate by a simple Cauchy-Schwarz argument. 
In order to prove the second estimate, remark that a simple expansion in 
Fourier series shows that 

kez'i (1 + |fcr)'+^2] 

where l{|^|<i} is the characteristic function of the ball {|^| < 1} and 
Ck{x) = (1 + \kfY+W2]^27:)-' J e-'^-'i,{0<^{x,OdC. 

[-1T,TT]<i 

Using methods similar to those used in the proof of Prop. 15, one obtains that 
\ck{-)\Hs < n2[|]+2,,((7)- Since 

Op{ck{x)e'^-%l^\<iy{0)u = Ck{-){l{\^\<i}{D)u){- + k), 
the result follows from the next lemma: 

Lemma 17 Let u,v E S(R^) and assume that v is supported in the ball {|^| < 
A}, for some ^4 > 0. Then for all s e one has 

\uv\h' < Cst 
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Proof. 

Write uv = Z]g>-i v(pq{D)u; except the first ones, each term of this sum 
has its spectrum included in an annulus of size ~ 2^. Thanks to Lemma 
5, the i?*-norm of the product uv can therefore be controlled in terms of 
\v(fq{D)u\L2, q > —1. Since these quantities are easily bounded from above by 
\v\oo\<fq{D)u\L2, the lemma follows from another application of Lemma 5. 



We now turn to study Op{ai). As already said, aj is the paradifferential symbol 
associated to a so that it is well-known that Op((T/) maps into H^{W'') 

for all s G M (see [3,14] and Prop. B.9 of [13]). However, since we need a 
precise estimate on the operator norm of Op((T/), we cannot omit the proof. 

Proposition 18 Let m e R and Sq > d/2, and let cr e F^. 

Ifaj is as defined in (2.10), then Op(o'/) extends as a continuous mapping on 
H'+'^i^W^) with values in H'{W^), for all s e K. Moreover, 

Vs e R, ^ue H'^'^im.^), \0^{ai)u\Hs < M^{a)\u\Hs+m, 

where M^{a) is defined in (2.3). 

Proof. 

Let us first prove the following lemma, which deals with the action of operators 
whose symbol satisfies the spectral property (2.5). 

Lemma 19 Leim e R anda{x,C) e C°°(R''xR''\{0}) he such thatM^{a) < 
oo, where Mjp{-) is as defined in (2.3). 

If moreover (t{x,^) vanishes for \^\ < 1/2 and satisfies the spectral condition 
(2.5) then Op (cr) extends as a continuous mapping on if'*"'""'(R°') with values 
in H'iR'^) for allseR and 

V« e i/^+'"(R''), \Op{a)u\„.< sup snp({0^''^-"'\dla{;0\oo)\u\Hs+m. 

|«l>l/2|/3|<d^ ^ 

Proof. 

Using (1.7), we write a{x,^) = Yl '^pi^^O: with ap{x,^) = (pp{^)a{x,^). For 

p>-i 

all u e 5(M'^), (1.7) and (1.8) yield 

Op{a)u = ^ Op((jp) MD)u. (3.1) 

p>-l \p-q\<l 

Let us now define ap{x, ^) := ap{2~Px, 2^^) for all p eN. One obviously has (see 
e.g. Lemma ILl of [6]) ||Op((jp)||£,2_,£,2 — \\Op{ap)\\L2^L2. Moreover, Hwang 
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proved in [9] that 



a,p&{0,l}d 



it follows therefore from (2.7) that 

\\0p{a,)h2^L^ < Cst M^{a)2^. (3.2) 



The result follows therefore from (3.1), (3.2) and Lemma 5 if we can prove that 
for all p e N, Op(crp) ^ (pq{D)u has its spectrum supported in an annulus 

|p-<?l<i 

^2P-i < < B2'P^^ for some A, B > 0. Since this is an easy consequence of 
the spectral property (2.5), the proof of the lemma is complete. 



The proof of the proposition is now very simple. One just has to apply Lemma 
19 to (T/, and to use Prop. 14. 



The next proposition gives details on the action of Op((T//). 

Proposition 20 Let m e R and sq > d/2, and let cr e F^. 

If <7ii is defined as in (2.11) then Op((T//) extends as an operator on any 
Sobolev space and one has, for all s < Sq and t > 

and 

where N^d-^_^2s^^^ defined in (2.2). 

Remcirk 21 i. One can replace the quantity N^j_^^^ ^{a) by N^^^^^ ^_^(V'^a), 
A; G N, m the estimates of the proposition. This follows from, the fact that 
< Cst |V^/|//s-fc, k G N, whenever f vanishes in a neighborhood of the 
origin, and from the observation that one can replace a by {1 — ip{Dx))a in 
the definition of an. 

ii. As said previously, when cr(x, ^) = a{x) does not depend on ^, one has 
Op((T//)-u = T(i_^(£)))„(T and thus \Op{crn)u\H<' ^ |'^^|oo|o'|//»; that is, the end- 
point case t = holds in Prop. 20 if one weakens the \u\(jQ' control into a 
\u\oo-control. This is no longer true in general when dealing with general sym- 
bols. 
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Proof. 

Prop. 15 allows us to reduce the study to the case m — and to the reduced 
symbols Pk{x,^) given in that proposition. 

By definition of ajj, one has, for all u e S{M.'^), aij{x,D)u = J2p>-iVp, with 
Vp = (7(j,)(x,L>)(l - ilj{D))tlj{2-P+''D)u and <J^p){;0 = <Pp{D,)<j{-:0. Since 
the spectrum of Vp is supported in (1 - 2^-^)2^-^ < |^| < (1 + 2-^-^)2^+^ 
Lemma 5 reduces the control of \aii{x, D)u\h'> to finding an estimate on each 
\vp\2, and hence on 



E MD,)ck,g\Xk{2-W)'il;{2-P+''D){l-il;{D))u 



q>-l 



q>-l 



U 



Remarking that Afe(2-«0V'(2"^+^0 = when 5 > p - + 2, and using Prop. 
15, one deduces 



p-N+l 

/ < Cst Ar-,j^^^„(a(,)) E \\,{2-W)^{2-^^^D)u 

^ g=-l 



(3.3) 



where we recall that cr(p)(-,^) = ipp{Dx)cr{-,^). 
We now need the following lemma: 

Lemma 22 Let A, B > and \ e C^{W^) supported in A < \^\ <B. Then, 
for allt&M. and q > —1, one has, 



< Ct\\W2~'''\u\ci- 



Proof. 

Since A is supported in A < |^| < -B, there exists no G N such that for all 
^ e M'^ and g > -1, one has A(2-^0 = A(2"''0 E ^r{i)- Therefore, one 

\r-q\<no 

can write 



|A(2-«L>)ii|oo= A(2-«L') E ^r{D)u 

\r-q\<no 



u\ 



\r-q\<no 

SO that the lemma follows from the very definition of Zygmund spaces. 
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In order to prove the first part of Prop. 20, take any t > and use the lemma 
to remark that (3.3) yields 



q>-l 



<CstiV™,,^2,o(^(p))l«lc^ (3-4) 

since Z]g>-i 2"** < oo. Prom Lemma 5 and the definition of N^a-^_^^ ^{■) , it is 
obvious that 

E 2^^^A^,7|]+,,o(^(p))^ < est [af, (3.5) 

p>-i 



so that (3.4) and Lemma 5 give the result. 

To prove the second part of the proposition, proceed as above to obtain 

/p-N+l \ 

7<Cst7V-j_^,^^(^(^))( 1^.1^-., 

<CstiV™.,^2,oK))2"*l«lc-; 
the end of the proof is done as for the first part of the proposition. 



We finally turn to study Op((7i?): 



Proposition 23 Let m G M and sq > d/2, and let cr G F^. 
If (Tr is as given in (2.12) and if s + t > and s < sq then Op{aR) extends 
as a continuous operator on if"*+*(R'^) with values in i7*+*~2 (R<^). Moreover, 

e H^+'iR"), |Op(aK)«|^,+«_./. < Ar-^]+2,,(^)l«k'«+* 

and 

W e Cr*(M'^), \Op{aR)u\^.^, < A^2Tfl+2,s(^)l^lcr+- 

Remark 24 For the same reasons as in Remark 21, one can replace the quan- 
tity A^7d]_,_2 ^(c) by N^^^d^j^^ ^_^{y^(7) , k E N, in the estimates of the proposi- 
tion, provided that one replaces by a^^i, where a^^i is defined in (2.13). 

Proof. 

We only prove the first of the two estimates given in the proposition. The 
second one is both easier and contained in Th. B of [21]. The proof we present 
below is an adaptation of the corresponding result which gives control of the 
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residual term in paraproduct theory (e.g. Th. 2.4.1. of [5]). 
Using the expression of ur given in (2.12) and a Littlewood-Paley decompo- 
sition, one can write 

Op((7r)w = ^ (pr{D)0^{aR)u = (pr{D) Y Rp{cr)u, 

r>— 1 r>— 1 1 

where Rp{a)u :— ^ a(^q^{x, D){1 — ip{D))(fp{D)u, and with cr{q){-,C) — 

\p-q\<N 

Since Sp Rp{a)u is included in |^| < (1 + 2^)2^+^ there exists no G N such 
that ifir{D)Rp{a)u — whenever r > p + uq. Thus, one has in fact 

Op{aR)u = (Pr{D) Y Rp{'^)u, 

r>— 1 p>r— no 

and the proposition follows from Lemma 5 and the estimate 

r>— 1 p>7 — no 



The end of the proof is thus devoted to establishing (3.6). 
Using Prop. 15 -and with the same notations- one can see that it suffices to 
prove (3.6) with Rp{a) replaced by Rp{pk{0"^)j provided that the estimate is 
uniform in /c G Z'^. Without loss of generahty, we can also assume that m — 0. 
Now, remark that 



2r(.+t-<i/2)|^^(^) j2 7?^(p,)«|^<Cst2'-(^+*)| E Rp{p,)u 

p>r—no P>1 — no 



(3.7) 



and that 

\Rp{Pk)u\^i 



E ^,{D,)Pk{x,D){l-ij{D))^p{D)u 

\p-q\<N 



(3.8) 



Now, using the expression of Pfc(x, ^) given in Prop. 15, one can write 

ifg{D,)pk{x, D){1 - il;{D))ifp{D)u = 

E <fg{D,)ck,i{x)Xk{2-'D){l-il;{D))ifp{D)u, 
i>-i 

and since Afc(2~'^)</?p(^) = if |p — Z| > ni, for some rii e N, one deduces that 
the summation in the r.h.s. of the above inequality is over a finite number of 
integers /; therefore, by Cauchy-Schwartz's inequality and Prop. 15, 



\v,{D,)pk{x, D){1 - xl;{D))^p{D)u\^, < iV:'.l+2,o(^w) MD)u\^. ■ (3.9) 
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Prom (3.8) and (3.9) one obtains 



\p-q\<N ^ 

and the l.h.s. of (3.7) is therefore bounded from above by 
E 2(^-^)(^+*) E 2^^7V-j^^^^(a(,))2^*|(^,(D)K|,. 

p>i — no |p— <?l<-^'^ 

Since s + 1 > 0, Holder's inequahty yields that the l.h.s. of (3.6) is bounded 
from above by 



2'^^2Ti]+2,o(^(p))2"1^p(^)« 



2/ p>-l 



fi 



By Cauchy-Schwartz's inequality, Lemma 5 and an argument similar to the 
one used in (3.5), one obtains (3.6), which concludes the proof. 



A first important consequence of Propositions 20 and 23 is that one can control 
the action of the operator associated to the 'remainder' symbol a — aif — aj, 
which is more regular than the full operator if a{x, ^) is smooth enough in the 
space variables. 

Proposition 25 Let m e sq > d/2 and d/2 < to < sq. If for some r >0, 
one has a e ^To+r then, 

i. For all —to < s < So, the following estimate holds: 

yu e i/-+*°-'-(K<^), |0p((7 -ai- aif)u\„s < A^2T|]+2,.+.('^)l^li/-+*o-. 

ii. For all r' G R (such that to + r' < so + r) and —to < s < to + r' , one has 
yu e H'+^-''{R^), \Op{a -aj- aif)u\Hs < A^2Ti]+2,to+r'(^)l^li^^+— '■ 

ill. For symbols of nonnegative order, i.e. whenm > 0, then for all s > such 
that s + m < Sq, one also has 

this estimate still holds for slightly negative values of r, namely, if —m < r. 
Proof. 

One has a—a^—aif = aji+aR, and we are therefore led to control \Op{aii)u\H' 
and \Op{aji)u\H'>- We first prove point i. 

The estimate on |Op((T//)M|ifs is given by the first part of Prop. 20 when r — 0. 
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When r > 0, taking s = s + r and t = r in the second part of this proposition 
gives the resuh. The estimate on \Op{aii)u\H'' is given by taking s — s + r and 
t = to — r in the first part of Prop. 23. 

To estabhsh ii., take s — to + r' and t — to — s + r' in the second estimate 
of Prop. 20 to obtain that \Op(aii)u\H= < to+r'('^''l^l^^+"'"''' "''^^ 

s < to + r'. Taking t — s — r' and s — to + r' in the first estimate of Prop. 23 
shows that |Op((7R)w|i7. < N^d^^2to+A^^\'^\H^+"'-r' for s > -to and the 
proof of ii. is complete (the endpoint s = to + r' being given by i). 
To prove iii., take s = s + m + r and t = m + r > in the second part of 
Prop. 20 and s = s + m + r and t = —m — r in the second estimate of Prop. 
23. 



The first two points of the following proposition are a close variant of Prop. 
25 which uses the decomposition (2.13) of the component an, while the last 
point addresses the case when a{x, — cri^) does not depend on ^. 

Proposition 26 Let m G k eN, so > d/2 and d/2 < to < so- If for some 
r > 0, one has a e P^+r ^^e?^; 

i. For all —to < s < so, the following estimate holds: 

yu e i7-+*o-, \0p^a-aj-aif-an,2)u\H^ ^ ^^2T|]+2,.+.-;i(V^^)|«|//-+*o-^. 

ii. For all r' e R (such that to + r' < so + r) and —to < s < to + r' , one has 

iii. For symbols of nonnegative order, i.e. when m > 0, then for all s > such 
that s + m < So, one also has 

yu e C;^{R'), \0p{a-ai-aif-an,2)u\Hs < iV™.]+2,.+^+,_,(V^a)|«|^-.. 

iv. When a is a function, a e H^°{W^), one has 

V < s < So, |0p(c7 - (J/ - aif - (Tr^2)u\h-' < | V'al^.-fc |ti|oo 

and, ifae H"'+''{R'^), with r > 0, 

V < s < So, \Op{a - ai - aif - aR^2)u\H' \'^''o-\H''+r-k\u\(.-r; 

when s = 0; the above two estimates still hold if one adds \V"''^^a\Loo\u\H-n-i 
to the right-hand-side, for any n & N. 

Remark 27 When k = 0, the estimates o/iv still hold if one replaces Op(cr — 
o'i—o'if—aR^2) by Op{a—ai—aif) (andlV^^^aloo by \a\wn+i,oo in the additional 
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term when s — 0). This is a consequence of the definition ofaR^2 and of Lemma 
17. 

Proof. 

One has a — ar — Cif — aR^2 = <^n + so that the first three points of the 
proposition are proved as in Prop. 25, using Remarks 21 and 24. 
We now prove the fourth point of the proposition. Since o" is a function, we can 
write, as in Remark 13, 0]){an+aR^i)u = T~a+R{a, u), with u := {l—ip{D))u 
and a :— {1 — tlj{D))a. The estimate for s > thus follows from the classical 
properties (e.g. Th. 2.4.1. of [5], and Prop. 3.5.D of [17] for the last one): 

• for aU s e M, \Tfg\Hs < |/|oo|fi'|H=; 

• for all s e R and r > 0, \Tfg\Hs < \f\^,-r\g\Hs+r; 

• for all s > 0, r e R, \R{f,g)\Hs < \ f\H^+r\g\c-r; 

• for all n e N, \R{f,g)\L2 < \f\wn+i,oo\g\H-n-i; 

(we also use the fact that IflH" < Cst \V'^f\H^-k and l/lv^"."" < Cst |V"'/|l°° 
for all / such that / vanishes in a neighborhood of the origin) . 



Gathering the results of the previous propositions, one obtains the following 
theorem, which describes the action of the full operator Op{a), which is of 
course of order m. 

Theorem 1 Let m e R, d/2 < to < Sq and (7 G P^. Then for all u e S{R'^), 
the following estimates hold: 

y - to < s < to, |Op(a)w|//s 

and 

yto <s < So, \Op{a)u\H'' < (no,5(cr) + iV™|j_|_2^^(cr))|M|j^m+*o+M7(cr)|M|if3+m. 
Proof. 

Recall that a — aij + aj + {a — aif — cj); we use the first two estimates of 
Prop. 25 (with r — and r' — 0) to control a — aif — ai while \Op{aif)u\H» 
and \Op{aj)u\H'> are easily controlled using Propositions 16 and 18 and the 
observation that by a classical Sobolev embedding, M^{a) < ^^d]+2t 



Remark 28 i. Ifa{x,C,) = (t{x) G //^"(R'^), then the results on the microlocal 
regularity of products (e.g. [8], p. 240) say that if u E H''^{M.'^), then an G 
if*'(R"') if s + So > s < So and So > d/2. This result can be deduced from 
Th. 1 ( note that the limiting case s + so — is also true, but the proof requires 
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different tools [8], th. 8.3.1). 

ii. We refer to Prop. 8.1 of [19] for another kind of estimate on the action of 
pseudo-differential operators; see also estimate (25) of [12]. 

One of the interests of Th. 1 is that it gives control of 0^{a)u in Sobolev 
spaces of negative order. The price to pay is that for nonnegative values of the 
Sobolev index s, and when = o'(-) G H^^''{W^) does not depend on we 

do not recover the classical tame estimate laulu" ^ (|'"|_f/=|c"|oo + |c"|i^''|'"|oo) 
but aweaker one, namely |ctm|//s < |m|//s|(t|oo + |o"|h''|w| d+ei for alls > 0. The 

difference is shght because the embedding H^^^{E.'^) C L°°(R'^) is critical, but 
can be cumbersome. The next theorem can therefore be a useful alternative 
to Theorem 1 

Theorem 2 Let m G M, d/2 < to < sq and a G ^To+m- -Assume that m > 
and a is 2[|] + 2-regular at the origin. Then for all u G S^U!^) and < s < Sq; 
one has 

]+2,s+m('^)) + M[[]'{a)\u\Hs+m. 

Proof. 

We just have to control the iJ'^-norm of the four components of Op{a)u by 
the r.h.s. of the estimate given in the theorem. 

For Op{aif)u and Op{ai)u, this is a simple consequence of the second part of 
Prop. 16 and of Prop. 18 respectively. The other components are controlled 
with the help of Prop. 25.iii. 



Remark 29 Using the fact that slightly negative values of r are allowed in 
Prop. 25. Hi, one can check that the estimate given by Th. 2 can be extended 
to s — provided that the quantity \u\co which appears in the r.h.s. of the 
estimate is replaced by \u\c^, for any e > 0. 

The following corollary deals with the case when the symbol a is of the form 

Corollary 30 Let m E R, p E N and so>to> d/2. Consider v E H^°{W^y 

and assume that a{x,^) = E{v{x),^), with E G C~(Mp, A^™). Then: 

i. 

y - to < s <to, \a{x,D)u\H<> < Cs{\v\oo)\v\h^^o\u\h-'+"^ 

and 

yto<s< So, \(t{x, D)u\h^ < Cs(l^'loo) {\v\H'\u\Hm+to + luln'^+m) . 
ii. If moreover m > 0, v E and E is 2[|] + 2-regular at the origin, 
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then, for < s < sq, 

\a{x,D)u\H'^ < Cj:{\v\oo)i\v\H'>+"'^\u\co + \u\H^+m). 

In the above, Ce(-) denotes a smooth nondecreasing function depending only 
on a finite number of derivatives of S. 

Proof. 

We write a{x,^) = [a{x,^) - S(0,O] + S(0,O- Owing to Lemma 8, the first 
component of tliis decomposition is in F™ and we can use Tfi. 1 to study tlie 
associated pseudo-differential operator. Tlie estimates of tlie tlieorem trans- 
form into tfie estimates stated in tfie corollary thanks to Lemma 8. 
Since the action of the Fourier multiplier E(0, D) satisfies obviously these es- 
timates, the first point of the corollary is proved. Using Theorem 2, one proves 
the second estimate in the same way. 



4 Composition and commutator estimates 

The composition of two pseudo-differential operators is well-known for classical 
symbols, and one has Op{a^) o Op(o'^) ~ Op(o'^tl^^)i where the symbol o''^^o'^ 
is given by an infinite expansion of and o"^. When dealing with symbols of 
limited regularity, one has to stop this expansion. Therefore, for all n G N, we 
define cr-'^ji„(j^ as 

aXA^,0 E ^-^d^cj\x,Od^a'ix,0. (4.1) 

|a|<n 

Similarly, we introduce the Poisson brackets: 

{a\ a%ix, := aX<^'{x, - <^X<^\x, 0- (4.2) 

In this section, we describe the composition or commutator of pseudodifferen- 
tial operators of limited regularity with Fourier multipliers, or with another 
pseudo-differential operator. A key point in this analysis is the following propo- 
sition; the first two points are precise estimates for Meyer's classical result on 
the composition of paradifferential operators (e.g. Th. XVI.4 of [15]). 

Proposition 31 Let nii, m2 G M, So > d/2, n G N and cr^ G T'^^^n+i- Then 
i. If a^{x,^) — (7^(^) G M"^^ , there exists a symbol pn{x,^) such that 

a\D) o Op(a|) = Op{a%a]) + Op(p„); 
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moreover pn{x,^) vanishes for \^\ < 1/2 and satisfies the spectral condition 
(2.5) and the estimate 

sup sup ((e)l^l■''^+'-"^^-"^^|9fpn(^0loo) <m;; , (ai)Mr(VrV^). 

ii. If & then there exists a symbol Pnix,C) such that 

Op(a]) o Op(a,^) = Ovia}Ui) + Op(pn), 
and which satisfies the same properties as in case i. 

iii. If is a function, G CI for some r > 0, then the symbol pn{x,^) 
defined in ii. is of order m2 — n — 1 — r and 

Remcirk 32 For the sake of simplicity, we stated the above proposition for 
paradijjerential symbols a} (and erf in ii. and iii.) associated to symbols 

and a^; the proof below shows that the only specific properties of a] and a] 
actually used are the spectral property (2.5) and the cancellation for frequencies 
1^1 < 1/2. Thus, one can extend the result to all symbols satisfying these 
conditions. 

Proof. 

We omit the proof of the first point of the proposition, which can be be deduced 
from the proof below with only minor changes. The method we propose here 
is inspired by the proof of Th. B.2.16 of [13] rather than Meyer's classical one 
(Th. XVI. 4 of [15]) which would lead to less precise estimates here. 
First remark that since a] satisfies the spectral condition (2.5) and vanishes 
for frequencies |,^| < 1/2, there exists an admissible cut-off function x iy^ the 
sense of Def. 3) such that o'j{ri,^)x{VTO = '^liv^Ol it is then both classical 
and easy to see that 

Pn{x,0= J2 j G^{x,x -y,C>{dn(T]){y,i)dy, 

|7|=n+ljgd 

with 

G,{x,y,^) {-ip{2n)-'J e^yM''i^,V,Ox{v,Odv 
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and (7]'^(x,77,0 / ^^-^^d1a}(x,^ + sri)ds. Therefore, for all < \(3\ < d, 





|9fp„(x,0l<Cst E \dfG,(x,.,0l,\d2dfaK;0 

I3'+I3"=P 



<cst E k?|G,(x,-,o^,Mr(vrv2)(e)'"-i^i (4.3) 
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where we used Prop. 14 to obtain the last equality. 

The proposition follows therefore from (4.3) and the estimate, for all \(3'\ < d, 



mi 



< est 



l\/t\mi-\P'\~n-l 



(4.4) 



and, when a is a function (case iii. of the lemma). 



afG^(a:,-,0|^, <Cst la'lciO- 



■\/3'\-n-l-r 



(4.5) 



Both (4.4) and (4.5) follow from the next two lemmas. 

Lemma 33 For all a,/? e N*^ such that \a\ < [d/2] + 1 and \f3\ < d, one has 

Kd^,i^l''i^,;-)X){V,0\ < est M-^^j,j^>^)(e)--l"l-l'^l— ^ 
// moreover the symbol is a function, G CI for some r G M, then 
\d^dl{al^'^{x,;-)x)iv,0\<Cst \a%r{0-^-^-^''^-''-'-' ■ 

Proof. 

It suffices to prove the estimate of the lemma for d"^' a]'"'d!^" x for all 
a' + a" — a and (3' + (5" = (5. By definition of cr)'^, one has 

a^'dt<y]''dfd(xM - } ^^^5r^'^v)(x,e+sr;)si"'id5af af x(r;,0- 



Since on the support of 9""c}^ x on.e has + srj) ~ {^), the first estimate of 
the lemma follows from the definition of the scminorms Mfc(-) and (1.9). 
When is a function, and since \a'\ + + I7I > 1, we can use Prop. A. 5 
of [1] which asserts that \df^'^'^'^a}{x,0\ < Cst from 
which one easily obtains the second estimate of the lemma. 



Lemma 34 Let -F(-, •) be a function defined on M.^ x ]R| and such that 

• There exists < 5 < 1 such that F{r],^) = for all \ri\ > 6\^\; 

• For all a G N"^, |q;| < [(i/2] + 1, there exists a constant Ca such that 

Vr^,eGM^ \d:;F{n,o\<c^{0'-^"^- 

Then, one has 

V^GM^ F(-,0,, <Cst( sup 
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Proof. 

This result can be proved with the techniques used to prove the estimate 
(2.21) of Appendix B in [13]. Briefly, and for the sake of completeness, we 
sketch the proof. Define F^{r],^) := F{{^)r],C,) and remark that |-F(-,OUi — 
|-^''(-, ^ Cst |-F''(-, C)\hW2]+i- The first assumption made in the statement 
of the lemma shows that F^{-,^) is supported in the ball {I77I < 1} so that it 
is easy to conclude using the second assumption. 



4-1 Commutators with Fourier multipliers 



We give in this section some commutator estimates between a Fourier multi- 
plier and a pseudo-differential operator of limited regularity. We first set some 
notations: 



Notations. For all m e R, sq > and all symbols cr e F^J, we define 

Vs < So, Mhs^^ ^ (noM + N^^,]^,,si^)) (4-6) 

and, when a is also 2[|] + 2- regular at the origin. 



VS < so, Mh^,, ■■= ^ h2[i]+2,s(^) + ^2T|]+2,.(^) • (4-7) 



Finally, if a is ci-regular at the origin, we set 

\\a\\^,^m):^l(ma{a) + MX(a)). (4.8) 



When no confusion is possible, we omit the subscript m in the above defini- 
tions. Remark that when a does not depend on ^ (i.e. when it is a function), 
then one has = lli^lli?* — I^^Ih", and \\a\ 



The first commutator estimates we state are of Kato-Ponce type: 

Theorem 3 Let mi, ma eR, n eN and d/2 < to < sq- Let a^{^) e M""^ be 

n-regular at the origin and a^{x,^) G ^To+miAn+i- Then: 

i. For all s eM. such that max{— to, — — irii} < s < so + 1, one has 
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\[a\D), Opia')]u - Op{{a\ a%)u\j,. 
where Cia^) := M:^^^^^,^^^{a') + m^{a'). 

ii. If moreover is {n-\-2 + [|] + d) -regular and is d-regular at the origin, 
then the above estimate can be replaced by 

^ C ((7''") V"''"''"(T^ ||(x)|'u|ffs+mi+m2-n-l + 1 1 V""'""'^(7^ 1 1 Jjs+mi An-n-1 \ u\ fJmi+m2+to-mi An^ , 

Where C'{a') := M-^^^^,^_^^{a^) + m^^,^^.^^,{a^) . 
Proof. 

i. Remark that {(T^,(T^}„ = a^^n'^'^ — cr^cr^ and that Op((T^) o Op(a^) — 
Op(cr^cr^) since Op(cr^) is a Fourier multipher. Therefore, one has 

[Op{a'), Op{a')] - Op({a\ aX) = Op{a') o Op{a') - Op{aXa'). 

Write now a\D) o Op{a^) - Op{a%a^) = E5=i t^{x, D), with 

T\x,D)^a\D)oOp{a'-aj-aff), 

T\x,D)^a\D)oOpiaff), 

r^{x, D) = a\D) o Op{a]) - Op{aXa]), 

t\x, D) = Op{a%a', - (1 - myW), 

r\x,D)^-Opm)a%a'). 

We now turn to control the operator norms of {x, D), j — 1, . . . , 5. 
• Control of t^{'k, D). Since <J^{D) is a Fourier multiplier, one obtains easily 
that for all s e M and u e 



\t\x,D)u\hs < (mo(a^) + M;P'{a^)) Op{a^ -a]- aff)u 



Using Prop. 25. i (with r — mi An — mi) gives therefore, for all —to — mi < 

S < So + 1, 

\t\x,D)u\hs < (mo(a^) + Mo"^^(<J^))7V-|J^^^^^^^^Ja^)|^,|^^,+^,+,„_,,„.(4.9) 

• Control of (x, D) . One has 

\t\x,D)u\hs < (mo((T^) + Mo"^i((7^))|0p( 
SO that it is a direct consequence of Prop. 16 that one has, for all s < Sq + 1, 

|Op(r^)M|H- < (mo(cr^) + M^i(cr^))no,s+mi(o-^)|M|H'"i+'"2+«o-'"iAn. (4.10) 
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• Control of r^(x, D). We have Op(r^) = Op(p„) with p„ as given in the 
first part of Prop. 31. This lemma asserts that the symbol Pn{x,^) satisfies 
the conditions of application of Lemma 19, which states that \Op{pn)u\H'> ^ 
M^'+'^^-''-\p,,)\u\Hs+'^i+m2-n-i. Using the estimate oi M^'+"''-''-\p^) given 
in Prop. 31 shows therefore that for all s e M, 

\Op{t')u\hs < M-^^j,j^^(ai)Mr(VrV2)|«|H.+.,+..-.-i. (4.11) 



• Control of t'*(x, D). By definition of the product law (In, one has 



\a\<.n 

= - E ^l[i/2.oo)(e)5,V(0a,"(a^-a,^-4)(x,0, 

|a|<n 

where l[i/2,oo)(') denotes the characteristic function of the interval [1/2, oo). 
It follows that 

\Ax,D)u\^^ < E \op{dy' - {dy'), - (a^^),^)^^. 

\a\<n 

with V = Op(l[i/2.oo)f5|'o""'^)'"; we now use the first estimate of Prop. 25 (with 
r = mi An — |«|) to obtain that the terms of the above sum are bounded from 
above by A^27|]+2,5+miAn-|a|*^^^^^)l^l^^'"2+to— lAn+i.i, for all -to < s < Sq + 1. 

It is now straightforward to conclude that for all —to < s < sq + 1, 

\Ax,D)u\h, < Mr(<7^)Ar-|j^^_^^^^^J<72)|K|^.,+.,+*o-.,.„. (4.12) 



• Control of t^(x, D). One has Op(V'(0<^^t}n<7^)ii = Op{{a^'^n'^'^)if)u, so that 
Prop. 16 can be used to obtain for all s < Sq + 1, 



Op(^(0cr^tlnO-^)M < mn{a^)no^s+nicr'^)\u\H'-'i 



+ m2 + tQ — An . 



(4.13) 



Recalling that ||cr^||H« is defined in (4.6), the estimate given in i. of the theorem 
now follows directly from (4.9), (4.10), (4.11), (4.12) and (4.13). 
ii. We use here another decomposition, namely (T^(D)oOp((T^) — Op((7^tJnC'^) — 
E?=iT^(x,L>), with 



t\x, D) = a\D) o Opia' - a] - aff - a^,), 

t\x, D) = a\D) o Op{^{D,)aff + a^,) - Op{aX{i^{D.H + 4,2)), 
t'{x, D) = a\D) o Op(a,2) - OY>{aXa]), 
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t\x, D) = a\D) o Op((l - ^{D,)aff)), 
r%x, D) = -Op((jit(l - i^{DMf)- 

We now turn to control the operator norms of £•'(0;, D), j = 1, . . . , 6. 
Control of r^(x, D). Proceeding as for the control of t^{x,D) in i. above, 
but using Prop. 26 instead of Prop. 25, one can replace ^^yl^^J^2 s+mi/\'S^'^'^ ^•^ 

^2T|l+2.+..A.-n-l(VrV^) in (4.9). 

Control of t^(x, D). We need here two lemmas: 

Lemma 35 Let mi e M, n e N and a^{^) G M"^^ be {n + 2 + [|] + d) -regular 

at the origin. Let a'^{x,^) be a symbol d-regular at the origin and such that 

^■^(^jO supported in the hall \ri\ + |{| < A, for some A > 0. 

Then, cr^{D) o Op((7^) = Op((T''^(i„(7^) + Op(p„); where the symbol pn{x,^) is 

such that pii{r],^) vanishes outside the ball \r]\ + \C\ < ^ and satisfies the 

estimate 



sup sup |5^Pn(-, Oloo < Cst sup SUp 



\i\<A\p\<d 



\i\<2A |a|<n+2H 



X sup sup 

\^\<A\a\<d 



:-,oioo. 



Proof. 

The proof is a close adaptation of the proof of Prop. 31. First replace the 
admissible cut-off function xiv^O used there by a smooth function xiv^O 
supported in the ball jr^l + |C| < ^. Inequality (4.3) must then be replaced by 

\dlpn{x,0\<Cst ( J2 KG,{;0\l^) sup SUp IV^+'Oyi; OU 
|^'|<d Ui\<A\a\<d 

for all \/3\ < d and |C| < A. 

Finally, one concludes the proof as in Prop. 31 after remarking that (4.4) can 
be replaced here by 

iafG^(-,oiii <cst sup sup idyioi 

l?l<2A|a|<„+2+[|]+d 



The proof of the following lemma is a straightforward adaptation of the proof 
of Lemma 19. 

Lemma 36 Let p{x, ^) be a symbol such that p{ri, ^) is supported in the ball 
\v\ + I CI ^ ^7 foi^ some A > 0. Then Op(p) extends as a continuous operator 
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on every Soholev space, with values in H°°{W''). Moreover, 
ys,t e M,Vm e H^R"^), \Op{p)u\hs < Cst sup sup |<9?p(-, OIoo|m|h', 

|^|<A|a|<ci 

where the constant depends only on A, s and t. 
From these two lemmas, one easily gets 

where C'{a^) is as given in the statement of the theorem. 

Control of r^(x, D). One has = r^, so that t^{x,D) is controlled via 

(4.11). 

Control of t^(x, D). To control this term, proceed exactly as for the control 
of T^(x, D) above, but use Prop. 26 instead of Prop. 25. This yields 

Control of t^(x, D) and r^(x, D). The difference between t^{x,D) and 
t'^{x, D) is that the operator (1 — iIj{Dx)) is applied to afj^{-,^) in the former. 
This allows us to replace no,s+mi(o"^) by no,s+mi-n-i(V^"'""^cr^) in (4.10). 
A similar adaptation of (4.13) gives 

\Op{t^)u\jjs < m„(cr^)no,s-l(V"+V^)|li|j^mi+m2+to-'niAn. 

Point ii of the theorem thus follows from the estimates on t^{x,D), j — 
1, . . . , 6, proved above. 



Remark 37 When m2 > 0, an easy adaptation of the above proof shows that 
the quantity \\ which appears in the r.h.s. of the 

first estimate of the theorem can be replaced by \\(t \\ 

In the spirit of Theorem 2, the following two theorems can be a useful alterna- 
tive to Theorem 3. Theorem 4 deals with the case of pseudo-differential oper- 
ators o"^(a;, D) of nonnegative order, while Th. 5 addresses the case a^{x, ^) = 
a^x). 

Theorem 4 Let rui e R, m2 > 0, n E N and So > d/2. Let a^{^) G M""^ be 
n-regular at the origin and let (T^(a;, ^) e ^To■]-m-i^nJ^l + 2-regular at the 

origin. Then: 

i. For all s such that < s -|- mi, < s and s + m2 < so + 1, one has 
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C((7'^)(-M^^ (V"''"'^(7^) |li|/fs+mi+m2-n-l + 1 1 (7^ 1 1 ^s+mi An+m2 | | qq) , 

where C{a^) = M^^^^^.^Ja') + m^{a'). 

ii. // moreover is (n + 2 + [|] + d)-regular at the origin, then the above 
estimate can he replaced by 

(C7 (T \\oo\u\ fjs+mi+m2—n—l -\- (T 1 1 ^s+mi An+m2— n— 1 1 1i | qo) ; 

where C'{a') := M-^^^j,j^^(ai) + m^^,^^,^^,{a') . 
Proof. 

We only give a sketch of the proof of i. which follows the same lines as the 
proof of Theorem 3.i; ii. is obtained similarly. The modifications to be made 
are: 

- Inequality (4.9) must be replaced by 

which holds for all s G M such that s + mi > and s + m2 < so + 1. This is a 
consequence of Prop. 25.iii, which can be used since we assumed m2 > 0. 

- Similarly, the second estimate of Prop. 16 allows us to replace (4.10) by 

\Op{r')u\H^ < (mo(a^) + Mo-n^'))ri2[i]+2,.+n.i(^')l^loo- 

- Inequality (4.11) is left unchanged. 

- Estimate (4.12) must be replaced by 

\Ax,D)u\,. < Mr(-^)iV-|,^,^^^^^^^^,Ja^)|K|oo, (4.15) 

which holds for all < s and s + m2 < sq + I. One proves (4.15) in the same 
way as (4.12), using the third point of Prop. 25 rather than the first one (this 
is possible because m2 > here). 

- Finally, inequality (4.13) is replaced, using the second part of Prop. 16, by 

\Op{lp{C)a^^n<^'^)u\Hs < m„(cr^)n2[|]_^2,s+n 

oo- 



An interesting particular case is obtained when the symbol a^{x,^) does not 
depend on ^ (i.e., it is a function). 
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Theorem 5 Let mi G M, n G N and sq > d/2. Let cr^(^) G M'^^ be n-regular 

at the origin and let G iJ*o+™i^"+i(M'^). 

i. If mi > n then for all s such that < s < Sq + 1, one has 

\[a\D),a']u-Opi{a\a'}MH^ 
where C{a^) = M^l^^^.^^y) + m^{a'). 

ii. // moreover is {n + 2 + [|] + d) -regular at the origin, then the above 
estimate can be replaced by 

\[a\D),a^]u - Op{{a\a%)u\^, 

where C'{a^) := M-;^^j,j^^(<7i) + m„+2+[|]+.(^')- 
Proof. 

Here again, we only prove the first point of the theorem since the proof of the 

second one can be deduced similarly from the proof of Th. 3.ii. 

Remark that for all A; G N, s G M and v G slw^), one has A^°s(f) = \v\h'. 

Therefore, we just have to adapt the points of the proof of Th. 4 which use 

the assumption m2 > 0, namely the obtcntion of (4.14) and (4.15). 

One can check that (4.14) remains true here. This is a consequence of Prop. 

26.iv and Remark 27. 

We now prove that (4.15) can be replaced by 

which holds for all < s < Sq+I and provided that mi > n, and which remains 
true when s = provided one adds \a \ to the right-hand- 

side. To obtain this, we need to control in iiT^-norm, and for all < |a| < n, 
the terms Op{d^a'^ — {d^a'^)j — {d^a'^)if){d^a^{D))u, which is done using Prop. 
26. iv (with r = mi — \a\ > 0) and Remark 27. 



We finally give commutator estimates of Calderon-Coifman-Meyer type: 

Theorem 6 Let mi,m2 eR, n eN and d/2 < to < sq. Let a^{^) G M""^ be 

n-regular at the origin and (T^(x, ,^) G ^To+miAn+i- Then: 

i. For all s such that —to < s < to + 1 (ind —to < s -\- mi < to + n -\- 1, 

|[cr^(D), Op(cr^)]M - Op{{a'^,a'^}n)u\ffs < C(cr^)||cr^||j:^to+"+i|M|/f«+'"i+'"2-"-i, 
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where C{a') := M;;^_l^^^,^Ja') + m^(a') . 

ii. // moreover is {n + 2 + [|] + d)-regular and is d-regular at the origin, 
then the above estimate can be replaced by 

|[a^(D),0p(a2)]M - 0p({a\(7'}„)M|^3 < C"((7^)||V^+Vlj^to|M|^/»+"^i+'n2-n-i, 

where C'(a') := M-^^j,j^^(<7i) + m„^2+[|]+<i(<^')- 

Proof. 

The proof follows closely the proof of Th. 3, so that we just mention the 
adaptations that have to be made. 

i. Below is the list of changes one must perform in the control of the operators 

T^{X,D). 

• Control of r-'^(x, D). For all —to < s + mi < to + n + l and using Prop. 25. ii 
with r' = n + 1 instead of Prop. 25. i, one obtains instead of (4.9) a control in 
terms of A/'2™|]+2,to+n+i(^^)l^l^^'+"'i+'"2-"-i. 

• Control of t^(x, D). For s + rui < to + n + 1, one just has to remark that 
Prop. 16 gives a control in terms of no^to+n+i{(^'^)\u\H^ 

• Control of r'^(x, D). If —to < -s < to + 1) one can replace (4.12) by a 
control in terms of N"^^, „ , , ( provided that one uses 

Prop. 25. ii with r' = n + 1 — \a\ instead of Prop. 25. i. 

• Control of r^(x, D). When s < to + 1 one gets easily a control in terms of 

2 II II 

ii. One deduces the second point of the theorem from Th. 3.ii exactly as we 
adapted the proof of the first point from the proof of Th. 3.i. 



Remark 38 i. Extending results of Moser [16] and Kato-Ponce [10], Taylor 
proved in [17] the following generalized Kato-Ponce estimates (which also hold 
in -based Sobolev spaces): for all Fourier multiplier o-^{D) of order mi > 0, 
and all cr^ G H'^{R'^), one has for all s>0, 

\[Op{a^),a'^]u\jjs < C{a'^){\'Va'^\oo\u\H^+mi-i + \a'^\Hs+mi\u\oo), (4-16) 

where C_{(t^) is some constant depending on (in [17], Taylor also deals 
with classical pseudo-differential operators (t^{x,D) -and not only Fourier 
multipliers-; we address this problem in Section J^.2). 

The estimate of Th. 5 coincides with (4-16) when n = (it is in fact more 
precise since it allows one to replace the term |(7^|^s+mi by | Vcr^l^s+mj-i ^ ); 
the general case n e N gives an extension of this result involving the Poisson 

^ Such an improvement has been proved recently in [2] for n = or n = 1, in the 
case where cr^(^) = (0™^ and cr^ does not depend on ^ 
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bracket of and . Th. 4 extends (4-16) in another way, allowing a'^{x,D) 
to he a pseudo- differential operator of nonnegative order instead of a func- 
tion. Finally, the most general extension of (4- -16) is given by Th. 3, since 
it contains the two improvements just mentioned, allows estimates in Sobolev 
spaces of negative order, and does not assume cumbersome restrictions on the 
order of a^{^) and (t'^{x,C,)- For instance, (4-16) does not hold when s < 
or mi < but can be replaced by: for all Fourier multiplier (J^{D) of order 
mi G M regular at the origin, and all e H°°(M.'^), one has for all to > d/2 
and s > max{—tQ, —to — rui}, 

|[0p((7^), (7^]w|^s < C((7^)(|V(7^|oo|'w|ii-s+mi-i + \Va'^\jjs+(mi)+-l\u\jjto+(.mi)_), 

with = max{mi,0} and (mi)_ = min{mi,0}. 

ii. The Calderon-Coifman- Meyer commutator estimate of Th. 6 coincides with 
(1.3) when n — Q and is a Fourier multiplier (the general case is addressed 
in Section 4-S) but its range of validity is wider since it allows negative values 
of s and mi . We also have the same kind of generalization as for the Kato- 
Ponce estimates. 

In the particular case when the symbol is of the form (T^(x, ^) = S(t;(x), 
one can now obtain easily, proceeding as in the proof of Corollary 30: 

Corollary 39 Let mi,m2 e R, p e N and d/2 < to < Sq. Let a^{C) e M'^^ 
he n-regular at the origin and a^{x,C) = J:^{v{x),C) with e C°°{Rp,M'^^) 
and V E iy^o+'»iAn+i(M'^)p. Then, 

i. For all s eM. such that max{— to, — — mi}<s<so + l 



I [a\D), a''{x, D)]u - Op{{a\ a'}„)ii|^. 

"^CijJ )Cj]2 ( 1^ I ) (|^|i7*+'"l+'"2— 1 ~l~ |f I ^(a+mi A7i)_|_ [ii] ffmi+m2+to— "»! An ) . 

ii. For all s eM. such that —to < s < to + 1 and —to < s + mi < to + n + 1, 
one also has 

\[a^{D), a^{x, D)]u—Op{{a^, cr'^}n)u\Hs < C{a^)C-s'2{\v\oo)\v\Hto+n+i\u\H'^+mi+m2-n-i. 

iii. // moreover m2 > and is 2[|] + 2-regular at the origin, one has, for 
all s such that < s + mi, < and s + m2 < sq + 1; 



I [a\D), a^x, D)]u - Op{{a\ a^}n)u\j,s 

< C((J"'")Cs2(|'U|]4/n+l,tx>)(|ti|j:^s + mj+m2-n-l + | W | j:^s+m2 + mj An | M | (jq) . 

In the above, Cj]2(-) denotes a smooth nondecreasing function depending only 
on a finite number of derivatives of 12'^ and C(c^) = -^^2+[^]+(i^'^^'' 
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Example 3 Let (t{x,$^) be the symbol given by (1-4), with a e H°°(M!^), and 
let m >0. Then for all to > d/2 and s > —tg, one has 



\[{D)"',a{x, D)]u\jfs < C(|Va|i4/i,oo) [\u\h^+^ + | Va|^(a+m)+ |M|j^i+to j , 
and, writing m :— max{m, 1} 

\[{D)"\Op{a)]u - Op{t)u\jjs < C{\Va\w2,^) + \^a\^(,+Z)+HH^+'o) , 

where the symbol t{x,^) is given by 

r[x,l;).-m[l;) ^^^^^^ 

For s > 0, we also have 

\[{D)"^, a{x, D)] u\jjs < C{\Va\wi,oc) (\u\h'>+"^ + |Va|i/i+s+m|M|oo) . 
Finally, if s and to are such that —to < s and s + m < to + 1, then 
\[{D)"^,a{x, D)]u\fjs < C(|Va|vyi,oo)|Va|j:^to+i|M|ijs+m. 



4-2 Composition and commutators between two pseudo-differential operators 
of limited regularity 



This section is devoted to the proof of composition and commutator estimates 
involving two pseudo-differential operators of limited regularity. We first in- 
troduce the following notations: 



Notations. For all so > d/2, n & N, and all symbols a e n-regular at the 
origin, we define 

Vs < so, := I + iV™ (4.17) 

and 

ykeN, 0<k<n, := I (rri^i^) + -(4.18) 

When no confusion is possible, we omit the subscript m. Remark that when a 
does not depend on ^ (i.e. when it is a function), then one has ||cr||jys = \a\H'> 
and llcrll 
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We first give commutator estimates of Kato-Ponce type: 



Theorem 7 Let mi, 1712 E M., n E N and d/2 < to < Sq. Define m := mi Am2 
and let e r™^^_^/\^_,_i (j — 1,2) be two symbols n-regular at the origin. 
i. For all s such that max{— to, — io ~ "^1} < s <tQ -\- 1, one has 

|Op(a^) o Op((7')ii - Ov{<tX<t'')u\hs 

< II l|l II 2|| I I 

^tQ+l||(T ||^s_|_+77iiA7i -|- 11^7 II rj-S_|_+mj^An ||(7 1 1 f/"*o ) | ^| iJ"^l+'"^2+*0~^l 7 

where s+ = max{s,0} and with the notations (4.6)-(4-7) and (4-17)-(4-18). 
i.bis. Under the same assumptions, one also has 

1 1 II jj-tQ+mi A7T+1 ( 1 1 ^7 II ffs-\-mi An 1 1^1 ^77ii+m2+to~'"^l H" 1 1 ^ 1 1 W^^+Ij^ 1^1 fJs+7ni-\-m2—n—l 1 . 

i.ter. For s e R suc/i ^/la^ maa;{io + l, — ^o~"^i} < s < Sq + I; the estimate of 

i. still holds if one adds \\a'^\\Hs\\o'^\\H"'i^'^+*o+^\u\H"^i+^2+to-'"i'^ri to the right- 
hand-side. 

ii. For all s E M. such that max{— to, — — ''^1, —^0 — ''^2} < s < to + 1, one 

has 

|[0p((7^), Op{a^)]u-Op{{a^ , C7^}„)ii|^. < I{cr^, cr"^, rui, m2)+/((7^, cr^, m2, mi), 

where I{a^,a'^,mi,m2) denotes the r.h.s. or the estimate of i, i.bis or i.ter. 
In this latter case, the range of application of the estimate is bounded from 

above by sq + 1 instead of to + I. 

iii. //mi > 0, is 2[|] + 2 regular at the origin, and a'^{x,^) — cr^(x) does 
not depend on ^ then, for all < s < to + I, 

|[0p((7^), Op((7^)]w|^s < 1 1 Cr^ 1 1^*0+1 (I (7"^ I ^"+'"1 1 1*1 00 + \(T'^\w^,oo\u\H'>+mi-i). 

Proof. 

One has 



[Op(a^), Op(a')] - Op({a\ a'}) = Op(a^) o Op(<7^) - Opia'U') 

■.^Ti{x,D) - T2{X,D). 

ControUing the operator norm of ti{x,D) gives the composition estimates of 
the theorem. To obtain the commutators estimates, we need also a control on 
T2{x,D); since this latter is obtained by a simple permutation of and cr^. 
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we just have to treat Ti{x,D). We decompose this operator into ti{x,D) — 
j:]=irl{x,D) with 



t}(x D) 


= Op(OoOp(a2-4-a,2) 


r^{x,D) 


= Op(OoOp(4) 


r!{x,D) 


= [Ov{a]) o Op(<7|) - Ov{a]U]) 




rt{x,D) 


= [ov{a]u])-ov{{i-my\ 




rl{x,D) 




rf(a;,D) 


= Op(a,i^)oOp(a?) 


rl{x,D) 


= 0p(ai-a/^-a])o0p(a,2). 



The proof reduces therefore to the control of |t/ {x, D)u\hs for all j = 1, . . . , 7. 
• Control of r;^(x, D) and (x, D). Using the first estimate of Th. 1, one 
gets that for all — to < •§ < + 1, 



\Ti{x,D)u\Hs < ||(7^||i^^o+l|^^j|i^= 



(i = i,2) 



(4.19) 



with vi :— Op((T^ — crf^ — (jj)u and ^2 := Op((Tf^)w. 

Proceeding as for the estimates of and in the proof of Th. 3, one obtains, 
for all max{— to, —to ~ "^i} < s <tQ -\- 1, 



\t^{x ^ JD^Vj\}{s ^ j|(T ||//io + -^||^ II j:^s + mxAn [til j^mx+m2-t-to~"^l'' 



(4.20) 



• Control of rf (x, D). A direct use of Prop. 31 and Lemma 19 yields, for all 
s e R, 



\tI{x,D)u\h^<M'^ 



a^)Mp ( V) \u\Hs+m,+m,-r.-l . (4.21) 



n+2+[f]+d' 



• Control of r^(x, D). Obviously, it suffices to control the operator norm of 
Aa{x,D) := Op{d^a}dyj) - Op((l - i;{^))d^a^dy^) for all < |a| < n. 
Let us introduce here := + 3; we can assume that the paradifferential 
decomposition (2.8) used in this proof is done using the integer A^ instead 
of N. To enhance this fact, we write momentaneously aj the paradifferential 
symbol associated to any symbol a using (2.9) with A" replaced by A^. We 
denote aj when A^ is used. We can write Aa{x,D) — A^{x,D) + Al^{x,D) 
with 

Alix, D) := Op {d1a\dPyj - {&la'dy')i) , (4.22) 
Al{x, D) := -Op {&la'dy' - {d^^a^d'ia^)if - {cP^a'dy')i) . (4.23) 
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The operator norm of Al,{x,D) is controlled using the next lemma, whose 
proof is postponed to Appendix B to ease the readability of the present proof. 
Note that this result is in the spirit of the main result of [22], but that the 
estimate given in this latter reference is not useful here. 

Lemma 40 Let a^{x,C,) and a'^{x,^) be as in the statement of the theorem, 
and let a &N'^ be such that < |q;| < n. Then, 

where Al^{x,D) is defined in (4-22). 

To control A'^{x, D), we use Prop. 25.i. with r — n /\mi — \a\ io obtain, for 
all —to < s < So + 1; 

Using classical tame product estimates, one gets easily 

]\Tmi+m2~\a\ /oa^loa^2\ < |l^2|l , |i 111 |i 2|| /a qa\ 

^2[|]+2,.+miAn-|a|^^€'^ ^^-^ ) ~ lll^o.-ll^ \\H^++m,^n + \\a ||^.++-iA„ ||a ||^o.oc .(4.24) 

We have thus proved the following estimate on Op(T^), for all —to < s < Sq+I: 

\Op{Tt)u\Hs < M„7,,„+i(ai)M™V,(a2)|«|^.+™,+.,-„<4.25) 

• Control of (x, D). Using again classical tame product estimates, one gets 

so that by Prop. 16, one obtains, for all s < So + 1, 

\Op{t^)u\hs < {mn{<J^)no,s++n{cr^) + n„,^++n(cr^)mo,o(cr^))|M|H'"i+™2+to-'"i^"-(4.26) 

• Control of ri(x, D). Using successively Props. 16 and 18 one obtains, for 
all s < So + n + 1, 

\Op{r^)u\Hs <no,s{(T^)MX^{a^)\u\Hm,+m,+to-m,^n. (4.27) 

• Control of rj(x, D). Using successively Props. 25.i (with r — mi An) and 
18 one obtains, for all —to <s<so + n+ l, 

\Op{tI)u\hs < N^,\^^^^{a')M^^{a')\u\Hr.,+r.,+to-r.,.n. (4.28) 
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• Proof of i. Gathering the estimates (4.20)-(4.21) and (4.25)-(4.28), and 

using standard Sobolev embeddings yields the result. 

• Proof of i.bis When —to < s < to + 1 one can replace the r.h.s. of (4.24) by 

and modify subsequently (4.25). Similarly, one can 
modify (4.26) remarking that no,s((cr^jJ„(j^)„) < ||a^||^to+i ||a^||//s+n. Remark- 
ing also that in (4.27) on can replace \u\Hmi+m2+to-miA.n by \u\fjs+mi+m.2-n-i and 
that (4.28) can be replaced by 

if one uses Prop. 25. ii (with r' = n + 1) rather than Prop. 25. i, one gets i.bis. 
Proof of i.ter In the proof of i., the only estimate which is not valid when 
to + 1 < s < So + 1 is (4.20). To give control of and one now has to use 
the second estimate of Th. 1 instead of the first one, whence the additional 
term in the final estimate. 

Proof of ii. As said above, the control of T2 is deduced from the control of Ti 
by a simple permutation of and a^, whence the result. 
Proof of iii. When n — 0, one has = r2 , so that the control of both term is 
not needed to estimate the commutator. We keep the same control of rf as in 
the proof of i and explain the modifications that must be performed to control 
Ti - j = 1, 2, 5, 6, 7 (of course, the components of T2 are treated the same way). 
Control of r^(x, D) and r;^(x, D). Since cr^ is a function, one can invoke 
Prop. 26. iv (see also Remark 27) and Lemma 17 to deduce from (4.19) that 
for all < s < to + 1, 

\tI{x,D)u\h- < ||cT^||j^to+i|o-^|i?''+-i|«|oo (i = 1,2). (4.29) 

Control of rf (x, D) Since crijjocr^ = a^a^, and because is 2[|] + 2-regular 
at the origin, we can use Prop. 16 to get \Tf{x, D)u\h'> ^ A''2[d]_j_2 5(cV^)|m|oo- 
It follows easily that for all < s < to + 1, 

\ri{x,D)u\H^ < ||cr^||„to+i|cr^|H.|M|oo- (4.30) 

• Control of rf(x, D). Using successively Props. 16 and 18 as in i one can 

also obtain, for all s < to + 1, 

\Op{t^)u\h» < rio,s((7^)|(7^|oo|^i|i?«+-i-i- (4.31) 

• Control of ri(x, D). Using successively Props. 25.ii (with r' — 1) and 18 
one obtains, for all < s < to + 1, 

\Op{tI)u\hs < NS:,l+,{a')\a'\MH^+-,-i. (4.32) 
Point iii of the theorem follows from (4.21) and (4.29)-(4.32). 
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Remark 41 Taylor proved in [17] that for all classical pseudo-differential op- 
erator a^{x, D) of order mi > and e if°°(]R'^), one has, for all s > 0, 

[Op{a^),a^]u <C{a^) (^|cr^|t^i,oo |M|^s+mi-i + |cr^|^s+mi ImIoo) ■ 

This is exactly the estimate of Th. 7. Hi, which also gives a description of the 
constant C{a^) . The commutator estimate corresponding to i.bis generalizes 
this result taking into account the smoothing effect of the Poisson bracket. It 
turns out that this estimate is not tame with respect to mi, while the commu- 
tator estimate corresponding to i, which is not stricto sensu of Kato-Ponce 
type, is tame. 

We also give commutator estimates of Calderon-Coifman-Meyer type: 

Theorem 8 Let mi,m2 G n e N and d/2 < to < sq. Let a^{x,^) e 

r^+m^An+i (j = 1=2; be n-regular at the origin. 

For alls ^M. such that —to < s-\-mj < to-\-n-\-l (j — 1,2) and —to < s < to+1, 
one has 

ifs ^ ll*^ ||^*0+"+l ||C 11^*0+"+! |''^|if''+'"l+'"2-"-l ■ 



Proof. 

The proof follows closely the proof of Th. 7, so that we just mention the 

adaptations that have to be made. 

• Control of '7i(x, D), j = 1, 2, 4, 5. One just has to do as in the proof of Th. 
6. 

• Control of Ti(x, D). When gets easily from Props. 16 and 18 that for all 



+ m2 — n — 1 . 



s <to + l, one has \Tf{x, D)u\h" ^ ||o'^||h*o+i ||o"^||oo|'it|_ff«+'"i 
• Control of r;J'(x, D). By Prop. 25. ii (with r' = n + 1) and Prop. 18, one 
obtains \tI{x, D)u\h'> < || for all —to < s < 

to + l. 



Remcirk 42 When n — and is a function, the estimate of Th. 8 is exactly 
the Calderon-Coifman-Meyer estimate (1.3), with extended range of validity. 
Th. 8 is also more general in the sense that it allows n > and to he a 
pseudo- differential operator. 

When the symbols and are of the form (2.1), one gets the following 
corollary: 

Corollary 43 Let m\,m2 G M, m := mi A m2, and d/2 < to < so- Let 
also a^{x,C) = E^ (v^(a;),0 with pj e E^' e C°°{Rp^ , M""^) and Vj e 
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jjso+mAn+i^^dyj Q _ 1^2). Assume moreover that T} and are n-regular 
at the origin. 

i. For all s & M. such that min{— to, — ~ i^ii ~to — "^2} < s < -Sq + 1 the 
following estimate holds (writing v :— {v^,v^)) 

-\-C[\v\\Yn+l,oo^(^\v^\ffto+l \ v'^\jjs^+mAn + [f^l^to+l | f | jj3++mAn ) |li|^m,+to ', 

ii. For all s & M. such that —to < s + rrij < to + n + 1 (j — 1,2) and 
—to < s < to + 1, one has 

|[Op((T^), Op(cr^)]ti-Op({(j\ a'^}n)u\jjs < C{\v\oo)\cr^\H*o+n+i\a'^\Hto+^+A'^\H''+"'i+"'2-n-i- 

Proof. 

Writing a^{x. ^) = [^^{x, ^) — S'' (0, ^)]+E' (0, ^), the result follows from Lemma 
8, Ths. 3 and 7 (for i) and Ths. 6 and 8 (for ii). 



A Proof of Prop. 15 

Owing to (1.7)-(1.8), we can write (1 - ^(0)^(^,0 = E 

with a,{x,0 ■■= (1 - HOM^^O^qiOiO^"^- Obviously, for all q > -1, 
aq{x,^) = if 1^1 > 2«+i or |^| < 2*-^; it follows that the function Ag{x,^) := 
E '^qi^^'^'^'^^i^ — ^kn)) is 27r-periodic with respect to ^ and coincides with 

ag{x, 2«+i^) in the box C := E M'^, -tt < < ttJ = 1, . . . , d}. Therefore, 
we can write (Jq{x, 2*+^^) = Aq(x,^)X{^), where A e C^{W'') is supported in 
1/5 < 1^1 < 6/5 and A(0 = 1 in 1/4 < |{| < 1. 
Expending Aq{x,$,) into Fourier series, one obtains 

with 

Ck,q{x) = {l + \k\'y+W2]^27r)-''J e-^^-'aq{x,2'^+'0dt 

c 

so that 

aq{x,0=Aq{x,2-^-'0H'^-'-'0 
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where \k{C) •= e*^ '^/^A(,^/2) and satisfies therefore the properties announced 
in the statement of the proposition. 

The last step is therefore to obtain the desired estimates on the Fourier coef- 
ficients Ck,q- By integration by parts, one obtains first 

c 

which we can rewrite as 

cu,,{x) = {27r)-' f e-'^-' *a2^'^'^\''Kd^a,){x, 2'^+'^)d^, (A.l) 

i |a|<2+2[d/2] 



where, here and in the following, denotes some numerical coefficient de- 
pending on a and whose precise value is not important. 
RecaUing that for g > (we omit the case q — —1 which does not raise any 
difficulty), = 5(a;,0¥'(2-^0 with 5(x,0 := (1 - V'(0)^(^, 0(0""^, 

one obtains, for all a e N*^, 

5^%(^,0= E *a',a"5far(x,02-''i""i(afV)(2-''0; 

a'+<y,"=a 



it follows that 



(A.2) 



9((7+l)|a'| 
a'+a"=a \^ ^/ 

2(9+i)l"'l 

Since ^2^+1^^ l^'l — support of d"^ <^(2-), it follows from (A.l) and 

(A.2) that 

|a|<2+2[d/2] a'+a"=a ^ 



from which the estimate on c^^q follows. The estimate on ipp{D)ck,q is proved 
in a similar way. 
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B Proof of Lemma 40 

Throughout this proof, we write, ipp{-) 
of (7~ and (7~, one has 



:= ip{2-P-), for all p e Z. By definition 



q>-l 

X E v^Ma>^(-,0</:'p(0(i-V'(0) 

P>-1 

= E E K+.-i^Px)<7^(-,0</'p+.(0(i-V'(0)) 

p>-l /i=0,±l 

the last equality being a consequence of the fact that for all p > —1, one has 

(/9p(/9y = for a\\ q p,p ± 1. 

Remarking that for all p > —1, the p-th term of the above summation has a 
spectrum included in the ball {\r)\ < 2^+^"^}, and recalling that N = N + 3, 
one deduces that 

ayji; Od^^i; = E i^p-N{D.)e,{; 0<^p(0(i - m) (B.i) 

P>-1 

with 

h=0,±l 

We now turn to study the term {d^a^d^a^)i. By definition, one has 

p>-i 

= Y: VivPx)ep(-,0¥'p(0(i-V'(0), 

P>-1 

with 

/i=0,itl 

where we used (1.7) and the fact that ^pp^Pq = if |p — g| > 2. 

Decomposing into = ipp+h-N-3{D^)a'^ + (1 - '4'p+h-N-3{D^))a^, one 

obtains 
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h=0,±l 



h=0,±l 

Remark that in the first term of the r.h.s. of the above identity, one can replace 
d^a^ by ipp-N+i{Dx)d^o-^ , so that one finally gets 

h=0,±l 

x(V^+i(L>,) - Viv-3(i^.))9>2(-,0 
+ Yl d^iil-^p+h-N-siD,)yi;OVp+h{0)d^A;0 

h=Q,±l 

It follows therefore from (B.l) and (B.2) that 

where e^-(.,0= E V'p-ivpx)eJ(-, 0<^p(0(1 - V'(O), J = 1, 2- 

p>-i 

Quite obviously, the symbols Q^{x,^) and G^(a;, ^) satisfy the assumptions of 
Lemma 19. The result follows therefore from this lemma and the estimates 

MT'^-^—\e') < Cst M-,(a^)M-V(^') (B.3) 

and 

M^^^-^---\Q') < Cst M™V+i(^^)A^rn^(^')- 
We only prove the first of these two estimates, the second one being obtained 
in a similar way. One easily obtains that 

!©'(•, e)loo< Cst sup\el{;OMO\oo 

P>-1 

<Cst sup \d^{a\;OMO)\oc 

p>-l 

X sup \{ljjp^N-liD^) -'0p-iV-3(-Dx))9^(7^(-,O</^p(Oloo- 
p>-l 

Since for all r G N, p > -1, and / G S{R'^), one has |(^p+2(i^) -'0p(^))/|oo < 
Cst 2-P^\f\ it follows that (taking r — n + 1 — \a\), 

\O\;0\oo < Cst (0"^^+"^^-"-'Mr(a^)Mo7(V.<j^). 

The derivatives of 0^ with respect to ^ can be handled in the same way, thus 
proving (B.3). 
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